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BOUNDED DEGREE COMPLEXES OF FORESTS
ANURAG SINGH
Abstract. Given an arbitrary sequence of non-negative integers ~λ = (λ1, . . . , λn)
and a graph G with vertex set {v1, . . . , vn}, the bounded degree complex, denoted
BD
~λ(G), is a simplicial complex whose faces are the subsets H ⊆ E(G) such that
for each i ∈ {1, . . . , n}, the degree of vertex vi in the induced subgraph G[H ] is at
most λi. When λi = k for all i, the bounded degree complex BD
~λ(G) is called the
k-matching complex, denoted Mk(G).
In this article, we determine the homotopy type of bounded degree complexes
of forests. In particular, we show that, for all k ≥ 1, the k-matching complexes
of caterpillar graphs are either contractible or homotopy equivalent to a wedge of
spheres, thereby proving a conjecture of Julianne Vega [10, Conjecture 7.3]. We also
give a recursive formula for the exact number of d-dimensional spheres occurring in
the k-matching complexes of perfect caterpillar graphs.
1. Introduction
Let G be a simple graph without any isolated vertex and V (G) = {v1, . . . , vn} be
the vertex set of G. Let ~λ = (λ1, . . . , λn) be a sequence of non-negative integers. The
bounded degree complex, denoted BD
~λ(G), is a simplicial complex whose vertices are
the edges of G and faces are subsets H ⊆ E(G) such that for each i ∈ {1, . . . , n},
the degree of vertex vi in the induced subgraph G[H ] is at most λi (see Figure 2
for example). When λi = k for all i ∈ {1, . . . , n}, the bounded degree complex
BD(k,...,k)(G) is called the k-matching complex of graph G and denoted by Mk(G).
The study of bounded degree complexes of complete graphs and complete bipar-
tite graphs was initiated in a paper of Reiner and Roberts [8]. Jonsson [4] further
studied these complexes and derived connectivity bounds for BD
~λ(Kn), where Kn is
the complete graph on n vertices. In last few years, matching complexes, which are
special case of bounded degree complexes, have been studied extensively. For more
on matching complexes, interested reader is referred to [2, 4, 5, 11].
Shareshian and Wachs [9] showed that the integral homology groups of matching
complexes are not torsion-free in many cases, therefore it is extremely difficult to
determine the homotopy type of these complexes in general. In [6], Marietti and
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Testa studied the homotopy type of 1-matching complexes of forests and proved the
following.
Theorem 1.1. [6, Theorem 4.13] Let G be a forest. Then M1(G) is either contractible
or homotopy equivalent to a wedge of spheres.
Milutinović et al. [7] determined the closed form formula for the homotopy type
of 1-matching complexes for a special class of trees, known as caterpillar graphs (see
Definition 1). In [10], Vega studied the homotopy type of 2-matching complexes of
perfect caterpillar graphs (see Definition 2) and conjectured the following.
Conjecture 1 ([10, Conjecture 7.3]). The k-matching complex of caterpillar graphs
are either contractible or homotopy equivalent to a wedge of spheres.
In this article, we determine the homotopy type of bounded degree complexes of
forests and prove Conjecture 1 as a special case. We also give a recursive formula
for the exact number of d-dimensional spheres occurring in the homotopy type of
k-matching complexes of perfect caterpillar graphs. The main result of this article is
the following.
Theorem 1.2. Let F be a forest on n vertices and ~λ = (λ1, . . . , λn) be any sequence
of non-negative integers. Then, Bd
~λ(F) is either contractible or homotopy equivalent
to a wedge of spheres.
The layout of this article is as follows: In Section 2, we present some definitions and
results which are crucial to this article. In Section 3, we determine the homotopy type
of bounded degree complexes of caterpillar graphs, thereby proving Conjecture 1. In
Section 4, we prove the main result of this article, Theorem 1.2.
2. Preliminaries
A graph is an ordered pair G = (V,E) where V is called the set of vertices and
E ⊆ V × V , the set of unordered edges of G. The vertices v1, v2 ∈ V are said to
be adjacent, if (v1, v2) ∈ E. The number of vertices adjacent to a vertex v is called
degree of v, denoted deg(v). If deg(v) = 1, then v is called a leaf vertex. A vertex
v is said to be adjacent to an edge e, if v is an end point of e, i.e., e = (v, w). Two
graphs G and H are called isomorphic, denoted G ∼= H , if there exists a bijection,
f : V (G)→ V (H) such that (v, w) ∈ E(G) if and only if (f(v), f(w)) ∈ E(H).
A graph H with V (H) ⊆ V (G) and E(H) ⊆ E(G) is called a subgraph of the graph
G. For a nonempty subset H of E(G), the induced subgraph G[H ], is the subgraph of
G with edges E(G[H ]) = H and V (G[H ]) = {a ∈ V (G) : a is adjacent e for some e ∈
H}. For a nonempty subset U of V (G), the induced subgraph G[U ], is the subgraph
of G with vertices V (G[U ]) = U and E(G[U ]) = {(a, b) ∈ E(G) | a, b ∈ U}. In this
article, G[V (G) \ A] will be denoted by G− A for A ( V (G).
For n ≥ 1, path graph of length n, denoted Pn, is a graph with vertex set V (Pn) =
{1, . . . , n} and edge set E(Pn) = {(i, i + 1) | 1 ≤ i ≤ n − 1}. A tree is a graph in
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which any two vertices are connected by exactly one path. The following graphs are
a special class of trees.
Definition 1. A caterpillar graph is a tree in which every vertex is on a central path
or only one edge away from the path (see Figure 1 for examples).
A caterpillar graph of length n is denoted by Gn(m1, . . . , mn), where n represents
the length of the central path and mi denote the number of leaves adjacent to i
th
vertex of the central path.
Definition 2. A caterpillar graph Gn(m1, . . . , mn) is called perfect if m1 = · · · =
mn = m and is denoted by Gn(m).
v1 v2e1
ℓ11
ℓ21
ℓ31 ℓ
4
1 ℓ12
ℓ22 ℓ
3
2
(a) G2(4, 3)
v1
ℓ11
ℓ21 ℓ
m
1
(b) G1(m)
Figure 1. Caterpillar graphs
An (abstract) simplicial complex K is a collection of finite sets such that if σ ∈ K
and τ ⊆ σ, then τ ∈ K. The elements of K are called simplices of K. If σ ∈ K and
|σ| = k + 1, then σ is said to be k-dimensional. Further, if σ ∈ K and τ ⊆ σ then
τ is called a face of σ and if τ 6= σ then τ is called a proper face of σ. The set of
0-dimensional simplices of K is denoted by V (K), and its elements are called vertices
of K. A subcomplex of a simplicial complex K is a simplicial complex whose simplices
are contained in K. For σ ∈ K, the boundary of simplex σ, denoted ∂(σ) is collection
of all proper faces of σ. If σ is a vertex, then ∂(σ) = ∅. For k ≥ 0, the k-skeleton of
a simplicial complex K is the collection of all those simplices of K whose dimension
is at most k.
The star of a simplex σ ∈ K is the subcomplex of K defined as
stK(σ) := {τ ∈ K | σ ∪ τ ∈ K}.
A space X is called contractible if it is homotopy equivalent to a point. It is easy
to see that star of any simplex in a simplicial complex is contractible.
Definition 3. For k ≥ 1, a k-matching of a graph G is subset of edges H ⊆ E(G)
such that any vertex v ∈ G[H ] has degree at most k. The k-matching complex of a
graph G, denoted Mk(G), is a simplicial complex whose vertices are the edges of G
and faces are given by k-matchings of G.
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Definition 4. Let ~λ = (λ1, . . . , λn) be an arbitrary sequence of non-negative integers
and G be a graph with vertex set {v1, . . . , vn}. The bounded degree complex, denoted
BD
~λ(G), is a simplicial complex whose vertices are the edges of G, and faces are the
subsets H ⊆ E(G) such that the degree of vertex vi in the induced subgraph G[H ] is
at most λi, for each i ∈ {1, . . . , n}. See Figure 2 for an example.
v1 v2
v3
v4 v5
e1
ℓ11
ℓ21 ℓ12
(a) G2(2, 1)
ℓ11
ℓ21
e1 ℓ12
(b) BD(2,1,1,1,1)(G2(2, 1))
Figure 2
When ~λ = (k, . . . , k︸ ︷︷ ︸
n−times
), we write BDk(G) := BD
~λ(G). Clearly, BDk(G) is the k-
matching complex Mk(G).
The following result follows directly from the definition of bounded degree complex.
Proposition 2.1. Let G and H are two graphs such that V (G) = {v1, . . . , vm} and
V (H) = {vm+1, . . . , vm+n}. Then,
BD(λ1,...,λm+n)(G ⊔H) = BD(λ1,...,λm)(G) ∗ BD(λm+1,...,λm+1)(H),
where ∗ denotes the join operation.
Let X be a topological space and Σ(X) denotes the suspension of X. If Σr(X)
denote the repeated r-suspension of X, i.e. Σr = Σ . . .Σ︸ ︷︷ ︸
r−times
(X), then following is an
easy observation.
Remark 2.2. For r ≥ 0, Sr ∗X ≃ Σr+1(X).
The following results will be used repeatedly in this article.
Lemma 2.3 ([1, Lemma 10.4(ii)]). Let K = K0∪K1∪. . .∪Kn be a simplicial complex
with subcomplexes Ki, and assume that Ki ∩Kj ⊆ K0 for all 1 ≤ i < j ≤ n. If Ki is
contractible for all 0 ≤ i ≤ n, then
K ≃
n∨
i=1
Σ(K0 ∩Ki).
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Lemma 2.4 ([3, Lemma 2.5]). Suppose that K1 and K2 are two finite simplicial
complexes.
(1) If K1 and K2 both have the homotopy type of a wedge of spheres, then so does
K1 ∗K2.
(2) If K has the homotopy type of a wedge of spheres, then so does Σ(K).
(3)
(∨
i
Sai
)
∗
(∨
j
Sbj
)
≃
∨
i,j
Sai+bj+1
Henceforth, [n] will denote the set {1, . . . , n} and ∆S will denote a (|S| − 1)-
dimensional simplex with vertex set S.
3. Bounded degree complexes of caterpillar graphs
The aim of this section is to show that the bounded degree complexes of caterpillar
graphs are either contractible or homotopy equivalent to a wedge of spheres, thereby
proving Conjecture 1.
Let ~λ = (λ1, . . . , λn) and ~m = (m1, . . . , mn) be two sequences of non-negative
integers. The vertices and edges of the central path of graph Gn(~m) will be denoted
by {v1, . . . , vn} and {e1, . . . , en−1} respectively as shown in Figure 3.
v1 v2 vn−2 vn−1 vne1 en−2 en−1
ℓ11
ℓ21 ℓ
m1
1 ℓ
1
2 ℓ
m2
2 ℓ
1
n−1 ℓ
mn−1
n−1 ℓ
1
n ℓ
mn
n
Figure 3. Gn(m1, . . . , mn)
Hereafter, BD
~λ(Gn(~m)) will denote the bounded degree complex whose faces are
subgraphs of Gn(~m) in which the degree of central path vertex vi is at most λi for
each i ∈ [n] and degree of leaf vertices is at most 1, i.e., BD
~λ(Gn(~m)) = BD
~µ(Gn(~m)),
where ~µ = (λ1, . . . , λn, 1, 1 . . . , 1, 1︸ ︷︷ ︸
(
n∑
i=1
mi)−times
).
Clearly, if λi = 0 for all i ∈ [n] then BD
~λ(Gn(~m)) is empty. Therefore, we assume
that ~λ 6= ~0 = (0, . . . , 0). Moreover, if λi = 0 for some i ∈ [n], then the following result
shows that the bounded degree complex of caterpillar graphs of length n can be
determined using bounded degree complexes of caterpillar graphs of smaller lengths.
Proposition 3.1. If λi = 0 for some i ∈ [n], then the complex BD
~λ(Gn(~m)) is same
as BD(λ1,...,λi−1)(Gi−1(m1, . . . , mi−1)) ∗ BD
(λi+1,...,λn)(Gn−i(mi+1, . . . , mn)).
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Proof. Let σ ∈ BD
~λ(Gn(~m)) and Ei = {l
1
i , . . . , l
mi
i , ei−1, ei} be the set of edges adja-
cent to vertex vi. Since λi = 0, Ei ∩ σ = ∅. Therefore, we have
BD
~λ(Gn(~m)) = BD
(λ1,...,λi−1,λi+1,...,λn)(Gn(m1, . . . , mi−1)− {vi})
= BD(λ1,...,λi−1,λi+1,...,λn)(Gi−1(m1, . . . , mi−1) ⊔Gn−i(mi+1, . . . , mn)).
Hence, Proposition 3.1 follows from Proposition 2.1. 
For better understanding of the main idea, we first explain the proof for the simplest
caterpillar graph of length n, i.e., Gn(~0). Observe that Gn(~0) is the path graph Pn.
Lemma 3.2. Let ~λ = (λ1, . . . , λn). Then BD
~λ(Pn) is either contractible or homotopy
equivalent to a wedge of spheres.
Proof. We prove this by induction on n. Case n = 1 and 2 are trivial. Inductively
assume that, for each i ≤ n − 1 and for any vector (µ1, . . . , µi), BD
(µ1,...,µi)(Pi) is
either contractible or wedge of spheres. We now prove the result for n ≥ 3.
If λi = 0 for some i ∈ [n], then result follows from induction and Proposition 3.1
and Lemma 2.4. Further, if λn−1 ≥ 2 then BD
~λ(Pn) is a cone with en−1 as its apex
hence contractible. Therefore, let λn−1 = 1 and λi ≥ 1 for all i ∈ [n]. Let e1, . . . , en−1
be edges of Pn as shown in Figure 4.
v1 v2 vn−2 vn−1 vn
e1 en−2 en−1
Figure 4. Pn
For simplicity of notations, in this proof, we denote st
BD
~λ(Pn)
(ei) by st(ei).
Claim 1. (1) BD
~λ(Pn) = st(en−1) ∪ st(en−2).
(2) st(en−1) ∩ st(en−2) = BD
(λ1,...,λn−2−1)(Pn−2).
Proof of Claim 1. Let σ ∈ BD
~λ(Pn). Observe that σ /∈ st(en−2) implies that en−2 /∈ σ.
Since λn, λn−1 ≥ 1, we get that σ ∪ en−1 ∈ BD
~λ(Pn) implying that σ ∈ st(en−1). This
proves Claim 1(1).
Since λn−1 = 1, {en−1, en−2} ∩ st(en−1) ∩ st(en−2) = ∅. Further, if H ∈ st(en−1) ∩
st(en−2) then degree of vn−2 is at most λn−2−1 and degree of vi is at most λi for each
i ∈ {1, . . . , n− 3}. Hence the result follows. 
Using Claim 1 and Lemma 2.3, we get the following
BD
~λ(Pn) ≃ Σ
(
BD(λ1,...,λn−2−1)(Pn−2)
)
.
Hence, Lemma 3.2 follows from induction and Lemma 2.4(2). 
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We are now ready to determine the homotopy type of bounded degree complexes
of caterpillar graph Gn(m1, . . . , mn). Here, we apply induction on n. The base case
is the following.
Proposition 3.3. Let k,m ≥ 1. The bounded degree complex BDk(G1(m)) is either
contractible or homotopy equivalent to a wedge of spheres of dimension k − 1. In
particular,
BDk(G1(m)) ≃


∨
(m−1k )
Sk−1, if k < m,
{point}, if k ≥ m.
Proof. If k ≥ m, then for any subset H ⊆ E(G1(m)), degree of vertex v1 in G1(m)[H ]
is at most k. Thus BDk(G1(m)) is a simplex, hence contractible.
Let k < m. Here, any subset H ⊆ E(G1(m)) such that |H| ≤ k, will form a simplex
in BDk(G1(m)). Further, if |H| > k then H /∈ BD
k(G1(m)). Therefore, BD
k(G1(m))
is (k−1)-skeleton of (m−1)-simplex. This completes the proof of Proposition 3.3. 
Let n ≥ 2. For inductive step, assume that, for any i ≤ n − 1 and for any
(λ1, . . . , λi), and (m1, . . . , mi), BD
(λ1,...,λi)(Gi(m1, . . . , mi)) is either contractible or
homotopy equivalent to a wedge of spheres. We now prove the result for n.
Theorem 3.4. Let ~λ = (λ1, . . . , λn) and ~m = (m1, . . . , mn). Then BD
~λ(Gn(~m)) is
either contractible or homotopy equivalent to a wedge of spheres.
Proof. If λi = 0 for some i ∈ [n], then result follows from induction, Proposition 3.1
and Lemma 2.41.
Let λi ≥ 1 for all i ∈ [n]. Ifmn = 0, then observe that BD
~λ(Gn(m1, . . . , mn−1, 0)) =
BD(λ1,...,λn−1)(Gn−1(m1, . . . , mn−2, mn−1 + 1)) and therefore the result follows from
induction.
Now, consider mn ≥ 1. Let {ℓ
1
n, . . . , ℓ
mn
n } denote the set of leaves adjacent to vertex
vn (see Figure 3). Define,
(3.1)
Eλn(ℓ1n, Gn(~m)) :=
{
E ⊆ E(Gn(~m)) : |E| = λn and Gn(~m)[E ∪ ℓ
1
n]
∼= G1(λn + 1)
}
For example, E2(ℓ12, G2(4, 3)) = {{ℓ
2
2, ℓ
3
2}, {ℓ
2
2, e1}, {ℓ
3
2, e1}} (see Figure 1a). Clearly,
if E ∈ Eλn(ℓ1n, Gn(~m)) then Gn(~m)[E]
∼= G1(λn).
Observe that, Eλn(ℓ1n, Gn(~m)) = ∅ if and only if mn ≤ λn − 1, but in this case
BD
~λ(Gn(~m)) is a cone with apex ℓ
1
n and hence contractible. Therefore, we can assume
that Eλn(ℓ1n, Gn(~m)) 6= ∅, i.e., mn ≥ λn − 1. Let E
λn(ℓ1n, Gn(~m)) = {E1, . . . , Et}.
For simplicity of notations, in this proof, we denote st
BD
~λ(Gn(~m))
(σ) by st(σ) for any
σ ∈ BD
~λ(Gn(~m)).
Claim 2. (1) For all i ∈ [t], Ei ∈ BD
~λ(Gn(~m)).
(2) BD
~λ(Gn(~m)) = st(ℓ
1
n)
⋃ t⋃
i=1
st(Ei).
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(3) st(Ei) ∩ st(Ej) ⊆ st(ℓ
1
n) for all 1 ≤ i < j ≤ t.
(4) For each i ∈ [t],
st(ℓ1n) ∩ st(Ei) =
{
BD(λ1,...,λn−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
Ei), if en−1 /∈ Ei,
BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
Ei), if en−1 ∈ Ei.
Recall that, en−1 denote the last edge of the central path of Gn(~m).
Proof of Claim 2. (1) Since Gn(~m)[Ei ∪ {ℓ
1
n}]
∼= G1(λn + 1), every element of
Ei is adjacent to vn. Further, |Ei| = λn and λn−1 ≥ 1. This implies that
Ei ∈ BD
~λ(Gn(~m)) for all i ∈ [t].
(2) Clearly, st(ℓ1n)
⋃ t⋃
i=1
st(Ei) ⊆ BD
~λ(Gn(~m)). Let σ ∈ BD
~λ(Gn(~m)) and σ /∈
st(ℓ1n). This implies that ℓ
1
n /∈ σ and the degree of vn in Gn(~m)[σ ∪ ℓ
1
n] is more
than λn, i.e., Ei ⊆ σ for some i ∈ [t]. Therefore, σ ∈
t⋃
i=1
st(Ei).
(3) Let σ ∈ st(Ei) ∩ st(Ej). Since Ei 6= Ej and |Ei| = |Ej | = λn, degree of vn
in Gn(~m)[σ] is at most λn − 1. Thus, σ ∪ {ℓ
1
n} ∈ BD
~λ(Gn(~m)) implying that
σ ∈ st(ℓ1n).
(4) We first assume that en−1 /∈ Ei. One way inclusion is straight forward. To
show that st(ℓ1n) ∩ st(Ei) ⊆ BD
(λ1,...,λn−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
Ei), let
σ ∈ st(ℓ1n) ∩ st(Ei). Since Gn(~m)[Ei ∪ ℓ
1
n]
∼= G1(λn + 1), en−1 /∈ σ. From
Equation (3.1), if σ ∩ {ℓ1n, . . . , ℓ
mn
n } = S then S ⊂ Ei. Further, Ei /∈
st(ℓ1n) implies that S 6= Ei. Therefore, σ is of the form β ∪ S, where β ∈
BD(λ1,...,λn−1)(Gn−1(m1, . . . , mn−1)) and S ( Ei. This completes the proof
when en−1 /∈ Ei.
Now, let en−1 ∈ Ei. If σ ∈ BD
(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
Ei).
Then σ = β ∪S, where β ∈ BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) and S ( Ei.
Clearly, β, S ∈ st(ℓ1n) and S ∈ st(Ei). To see that β ∈ st(Ei), it is enough to
observe that the degree of vn−1 and vn in Gn(~m)[Ei∪β] is at most λn−1 and λn
respectively. Thus, we have BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
Ei) ⊆
st(ℓ1n) ∩ st(Ei). To show the other way inclusion, let σ ∈ st(ℓ
1
n) ∩ st(Ei).
Since en−1 ∈ Ei and σ ∈ st(Ei), degree of vn−1 in Gn−1(m1, . . . , mn−1)[σ]
is at most λn−1 − 1. This implies that σ is of the form γ ∪ T for some
γ ∈ BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) and T ⊆ Ei. Further, Ei /∈ st(ℓ
1
n)
implies that T 6= Ei, i.e., T ( Ei. This completes the proof of Claim 2.

Now, to make our computations easy, we divide Eλn(ℓ1n, Gn(~m)) into following two
smaller disjoint subsets:
Eλn1 := {E ∈ E
λn(ℓ1n, Gn(~m)) : en−1 ∈ E}, and
Eλn2 := {E ∈ E
λn(ℓ1n, Gn(~m)) : en−1 /∈ E}.
(3.2)
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Using Claim 2 and Lemma 2.3, we get the following,
BD
~λ(Gn(~m)) ≃
∨
E∈Eλn(ℓ1n,Gn(~m))
Σ
(
st(ℓ1n) ∩ st(E)
)
=
∨
E∈E
λn
1
Σ
(
st(ℓ1n) ∩ st(E)
)∨ ∨
E∈E
λn
2
Σ
(
st(ℓ1n) ∩ st(E)
)
=
∨
E∈E
λn
1
Σ
(
BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
E)
)∨
∨
E∈E
λn
2
Σ
(
BD(λ1,...,λn−1)(Gn−1(m1, . . . , mn−1)) ∗ ∂(∆
E)
)
.
Since |E| = λn for each E ∈ E
λn(ℓ1n, Gn(~m)), ∂(∆
E) ≃ Sλn−2. Therefore, using
Remark 2.2, we get the following equivalence.
BD
~λ(Gn(~m)) ≃
∨
E∈E
λn
1
Σλn
(
BD(λ1,...,λn−1−1)(Gn−1(m1, . . . , mn−1))
)∨
∨
E∈E
λn
2
Σλn
(
BD(λ1,...,λn−1)(Gn−1(m1, . . . , mn−1))
)
.
(3.3)
Hence, Theorem 3.4 follows from Equation (3.3), induction and Lemma 2.4(2). 
Recall that the k-matching complex Mk(Gn(~m)) is same as the bounded degree
complex BDk(Gn(~m)). Therefore, the following result is an immediate consequence
of Theorem 3.4.
Corollary 3.5 ([10, Conjecture 7.3]). For all k ≥ 1, the k-matching complex of
caterpillar graphs are either contractible or homotopy equivalent to a wedge of spheres.
In general, it is extremely hard to determine the exact number of spheres of each
dimension occurring in the homotopy type of k-matching complexes of caterpillar
graphs. Here, we provide a recursive formula for perfect caterpillar graphs.
Exact homotopy type of Mk(G1(m)) is given in Proposition 3.3. Further, in [7,
Theorem 5.4] authors have computed the exact homotopy type of M1(Gn(m)). Thus,
we can assume that k ≥ 2.
Theorem 3.6. Let n ≥ 2 and x =
(
m−1
k
)
, y =
(
m−1
k−1
)
and z =
(
m−1
k−2
)
. Let An,d and
Bn,d denote the number of d-dimensional spheres occurring in the homotopy type of
Mk(Gn(m)) and BD
(k,...,k,k−1)(Gn(m)) respectively. Then,
An,d =


0 if m < k,
Bn−1,d−k if m = k,
xAn−1,d−k + yBn−1,d−k if m > k,
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and
Bn,d =


0 if m < k − 1,
Bn−1,d−(k−1) if m = k − 1,
yAn−1,d−(k−1) + zBn−1,d−(k−1) if m > k − 1.
Proof. It is easy to check that Mk(Gn(0)) is contractible for all k ≥ 2. Further, if
1 ≤ m ≤ k−1 then Mk(Gn(m)) is a cone with apex ℓ
1
n and hence contractible. Thus,
if m ≤ k − 1 then An,d = 0 for all d.
Recall that, from Equation (3.1) and Equation (3.2),
Ek(ℓ1n, Gn(m)) =
{
E ⊆ E(Gn(m)) : |E| = k and Gn(m)[E ∪ ℓ
1
n]
∼= G1(k + 1)
}
,
Ek1 = {E ∈ E
k(ℓ1n, Gn(m)) : en−1 ∈ E}, and
Ek2 = {E ∈ E
k(ℓ1n, Gn(m)) : en−1 /∈ E}.
Note that, if m = k then |Ek1 | = 1 and |E
k
2 | = 0. Therefore, Equation (3.3) implies
that
Mk(Gn(m)) ≃ Σ
k
(
BD(k,...,k,k−1)(Gn−1(m))
)
.(3.4)
From Equation (3.4), we see that An,d = Bn−1,d−k ifm = k. Now considerm ≥ k+1.
In this case, |Ek1 | =
(
m−1
k−1
)
= y and |Ek2 | =
(
m−1
k
)
= x. Thus, using Equation (3.3), we
get the following equivalence.
Mk(Gn(m)) ≃
∨
y
Σk
(
BD(k,...,k,k−1)(Gn−1(m))
)∨∨
x
Σk
(
Mk(Gn−1(m))
)
.(3.5)
Equation (3.5) implies that, for m > k, An,d = xAn−1,d−k + yBn−1,d−k. The com-
putation for Bn,d is analogous after making the following observations.
• If m ≤ k − 2, then BD(k,...,k,k−1)(Gn(m)) is a cone.
• If m = k − 1, then |Ek−11 | = 1 and |E
k−1
2 | = 0. Therefore, Equation (3.3)
implies that
BD(k,...,k,k−1)(Gn(m)) ≃ Σ
(k−1)
(
BD(k,...,k,k−1)(Gn−1(m))
)
.
• If m > k − 1, then |Ek−11 | =
(
m−1
k−2
)
= z and |Ek−12 | =
(
m−1
k−1
)
= y. Here,
Equation (3.3) gives the following equivalence.
BD(k,...,k,k−1)(Gn(m)) ≃
∨
z
Σ(k−1)
(
BD(k,...,k,k−1)(Gn−1(m))
)∨
∨
y
Σ(k−1)
(
Mk(Gn−1(m))
)
.
This completes the proof of Theorem 3.6. 
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4. Proof of Theorem 1.2
In this section, we compute the homotopy type of bounded degree complexes of
forests. To prove Theorem 1.2, using Proposition 2.1, it is enough to prove it for
trees. We first introduce some terminologies related to trees which are needed in this
section.
Let T be a tree. Vertex v ∈ V (T ) is called an internal vertex if deg(v) > 1. An
internal vertex is called a corner vertex, if it is adjacent to at most one internal vertex.
For example: in Figure 5, v2 is an internal vertex but not a corner vertex, and v1, v3
are corner vertices.
v1 v2 v3
Figure 5
Let T be a tree, ~λ = (λ1, . . . , λn) be a sequence of non-negative integers and ~v =
(v1, . . . , vn) denote the sequence of all internal vertices of T . Recall that, BD
~λ(T (~v))
is a simplicial complex whose faces are all those subgraphs of T in which degree of
vi is at most λi and degree of any leaf of T is at most 1. Trees with exactly 1 or 2
vertices are trivial trees. Hence, unless otherwise mentioned, we assume that all the
trees are finite and have more than 2 vertices.
Proposition 4.1. (1) There exists a corner vertex in T .
(2) Let v be a corner vertex of T and {ℓ1, . . . , ℓm} are all the leaves adjacent to v.
Then T − {v, ℓ1, . . . , ℓm} is again connected.
(3) If P ∈ Sn be any permutation then BD
~λ(T (~v))=BDP
~λ(T (P~v)).
Proof. We prove first part by labeling all the vertices of T . Start with a leaf v and
label it 1. Next we give label 2 to all the vertices adjacent to v. We then give label
3 to all those vertices which are adjacent to at least one vertex labeled 2 and is not
already labeled. We continue labeling vertices of T with this argument. Since T is
finite and has no cycle, this labeling stops at certain stage say at ℓ. Since |V (T )| ≥ 3,
ℓ ≥ 3. Therefore, observe that, any vertex labeled ℓ − 1 will be a corner vertex.
Proposition 4.1(2) and (3) are simple observation from the definitions of corner vertex
and bounded degree complex respectively. 
We are now ready to prove the main result of this article.
Theorem 4.2. Let T be a tree with ~v = (v1, . . . , vn) as the sequence of its internal
vertices and ~λ = (λ1, . . . , λn). Then BD
~λ(T (~v)) is either contractible or homotopy
equivalent to a wedge of spheres.
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Proof. We prove this result by induction on the number of internal vertices, i.e. n. For
n = 1, the result follows from Proposition 3.3. Inductively, assume that the bounded
degree complex of trees with at most n− 1 internal vertices are either contractible or
homotopy equivalent to a wedge of spheres. We now prove the result for trees having
exactly n internal vertices.
If λi = 0 for some i ∈ [n], then result follows from Proposition 2.1, induction and
Lemma 2.4(1). Thus, assume that λi ≥ 1 for all i ∈ [n]. From Proposition 4.1(3), we
can assume that the internal vertex vn is a corner vertex and vn−1 is the only internal
vertex adjacent to vn. Even though the rest of the proof is analogous to the proof of
Theorem 3.4, we give a brief sketch here for completeness.
Let en−1 represents the edge between vn and vn−1 and {ℓ
1, . . . , ℓm} be the set of all
leaves adjacent to vn. Let T (v1, . . . , vn−1) denote the tree T − {vn, ℓ
1, . . . , ℓm}. Since
vn is a corner vertex, m ≥ 1. If m ≤ λn − 1, then BD
~λ(T (~v)) is a cone with apex ℓ1
and hence contractible. Thus, assume that m ≥ λn. Define,
Eλn(ℓ1, T (~v)) :=
{
E ⊆ E(T (~v)) : |E| = λn and T (~v)[E ∪ ℓ
1] ∼= G1(λn + 1)
}
,
Eλn1 := {E ∈ E
λn(ℓ1, T (~v)) : en−1 ∈ E}, and
Eλn2 := {E ∈ E
λn(ℓ1, T (~v)) : en−1 /∈ E}.
Thus, using exactly similar arguments as in the proof of Theorem 3.4, we get the
following equivalence:
BD
~λ(T (~v)) ≃
∨
E∈E
λn
1
Σλn
(
BD(λ1,...,λn−1−1)(T (v1, . . . , vn−1))
)∨
∨
E∈E
λn
2
Σλn
(
BD(λ1,...,λn−1)(T (v1, . . . , vn−1))
)
From Proposition 4.1(2), T (v1, . . . , vn−1) is a connected tree. Therefore, Theorem 4.2
follows from induction and Lemma 2.4(2). 
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